Abstract. D. H. Gottlieb proved in 1972 that the group of automorphisms of a numerable G-bundlep: X -» B is weakly homotopy equivalent to ß Map( B, Bc; k), where k: B -» Bc is a classifying map for p. We refine this classical result by constructing a genuine homotopy equivalence between these two spaces which is natural with respect to numerable bundle morphisms, can be generalized to fibre bundles, and can be interpreted as a natural isomorphism between two suitably defined functors.
1. Introduction. Let p: X -* B be a numerable G-bundle and denote by ©(/>) the group of all G-equivariant maps /: X -» X over B endowed with the compact open topology. This space is of interest not only to mathematicians but also to theoretical physicists ( [15, 16] , etc.) who analyze it within the context of the so-called "gauge theories".
While the case where G is abelian (as well as other particular cases [6, 8] ) leads to the homeomorphism ®(p)~ Map(B,G), the general case continues to be elusive. The most important result in this area can be considered that of D. H. Gottlieb [6] who showed that there is a weak homotopy equivalence between ®(p) and Í2 Map(ß, BG; k), where k: B -> BG is a classifying map for/? and Map(ß, BG\ k) is the path component of Map(B, BG) containing k.
The beauty and efficiency of this result leave in the reader the feeling that some of the " weaknesses" of Gottlieb's proof can be polished in order to give rise to a neater statement. We refer here to the fact that Gottlieb uses a Serre fibration (rather than Hurewicz) whose total space is "essentially contractible" (rather than contractible), thus obtaining only a weak homotopy equivalence (rather than a homotopy equivalence). It is also clear, however, that to avoid these problems one has to make some assumptions on the spaces involved. We have chosen to do this by working in the category of Ä"-spaces [17] , a category large enough to contain all relevant spaces (locally compact spaces, first countable spaces, manifolds, CW-complexes, etc.), but in which the homeomorphism Map( X X Y,Z)~ Map( X, Map(7, Z)) exists for all objects A", 7, Z and, hence, where one can use all the "nice" properties about mapping spaces that one needs. For simplicity we also assume all our spaces to be Hausdorff. With these hypotheses and by using a technique slightly different from that of Gottlieb, we construct a Hurewicz fibration over Map(B, BG; k) with fibre homeomorphic to @>(p) and with a contractible total space, thus obtaining a homotopy equivalence 8p: ÜMap(B, BG; k) -» %(p). This method also allows us to relax Gottlieb's condition that B be a CW-complex to requiring only the homotopy type of a CW-complex. Next we show that this construction of 8 behaves "naturally" with respect to morphisms of numerable bundles, and this leads us to reinterpret Gottlieb's result in categorical terms: more than being simply a map between spaces, 8p can be viewed as a natural isomorphism between two suitably defined functors.
This naturality also allows us to generalize Gottlieb's result to groups of automorphisms of fibre bundles, even in the case of noneffective action.
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2. Technical tools from homotopy theory. In this section we recall some standard results of homotopy theory that will be used later and fix the corresponding terminology and notation. For the proofs we refer the reader to the cited or general literature.
Let p: X -» B be a Hurewicz fibration, 6 e B a basepoint, i: F = p~x(ó) -* X the inclusion of the fibre, and xcz F a basepoint for both F and X. Also assume, from now on, that all spaces denoted by B are path connected. Proof. Apply Theorem 1.2 of [4] 2.5 Definition. A map p: X -» B is a numerable G-bundle if G is a topological group acting on the right of X, there exist a numerable cover {U} of B and, for each U cz {[/}, a G-equivariant homeomorphismm^: U X G -» p~l(U). For a given map /: X -* Y we denote by sec(/) the subspace of Map(7, A') consisting of sections to /.
3.3 Theorem. There exists a homeomorphism 0 between secf p, p'\ and the space of all G-equivariant maps from X to X' over B, defined, for given section s and G-equivariant map f, by the relations are clearly numerable G-bundles, so that we can consider the projection [ p X 1, 1 X pG\ : \ X X BG, B X EG\ -> B X Bc, which, for simplicity, we denote by \p-pG}:\X-EG} -^BxBG.
Since the product of two numerable covers is numerable and \p ■ pG\ is locally trivial over the product cover of {U} and {Uf}, it follows by Dold's Theorem [5, Example. In [9] Kon showed that ir3(Map(S4, S4; k)) ~ Z24m © Z12, where m = |deg k\. Since every simplicial complex is the classifying space of some topological group [10] , we can use this computation to construct examples of numerable bundles over S4 for which ©(/?) and Map(S"\ G) do not even have the same homotopy groups. Clearly the same idea can be used in other cases.
Remark. If BG is an //-group then all path components of Map(B, BG) have the same homotopy type [9] . This happens, for instance, when G is an infinite unitary or orthogonal group or their special subgroups (i.e. G = O, U, SO, SU). where ü(h*)B is induced from h* by composition and 8p and 8{ph) are as described in Theorem 4.3.
The obvious question now is whether this diagram has commutativity properties. We cannot expect strict commutativity, since 6^ and 8,p*x are determined only up to homotopy, but homotopy commutativity will be sufficient to claim "naturality" properties for our construction. Proof. We only need to notice that by construction the map 8 sends the component of the basepoint of the fibre F to the component of the constant loop of ÜB. D Remark. Corollary 6.5 implies that the fundamental and higher homotopy groups of l}(pF) depend not on the structure group of the bundle, but on the quotient of this obtained by eliminating all the elements which act trivially. However the same is not true for g(/?/r) itself. For instance the map /: Sx X S1 -» S1 X 51: (e'""', e"7") ~» (eil,e ,e^e+f,))
is an automorphism of the trivial S1 bundle/?: S1 X Sx -* S1 if we consider it as a fibre bundle associated to itself via the identity on Sl, but not if we consider it as a fibre bundle associated to the trivial R-bundle /?': S1 X R -» S1 via the usual projection e: R -» S1: 6 ~* e'"6 (if it were one could factor the identity on Sl through R). So in this case/ e g(/?id), but/ <£ g(/?'c), although/?id = /?'".
A refinement of Theorem 6.4 is obtained in the following particular case.
6.6 Lemma. If B is a CW-complex of dimension n and ker(A*) is (n -X)-connected or if B is an n-connected CW-complex and 7r;(ker(A*)) = 0 for i > n -1, then [}(pF) is homotopy equivalent to Ü Map(B, BQ; q*k).
Proof. In both cases o*e can prove, by obstruction arguments, that ir0(Uq) is surjective. D 7. Some categorical considerations. In §5 we have shown that the construction of the homotopy equivalence 8p is " natural" in a certain sense, but the use of this word would be somewhat vain if one could not justify it in terms of some categorical construction. This can in fact be done as we now indicate.
Let B be a topological space having the same homotopy type as a CW-complex and define a category %sB by taking as objects all pairs (p, k) with p: X -» B a numerable G-bundle (for some G) and k: B -* BG a classifying map for /?. The morphisms from (/?, k) to (/?', k') are all pairs (/, h) with h: G -» G' a continuous homomorphism such that k' = h*k and /: A'XGG' -» X' a principal bundle isomorphism.
Let now $£op be the category of topological spaces and homotopy classes of continuous maps and consider the two functors Ü, ©: ^B-> §ïot> defined as 
